Abstract. Let Aut(p) denote the space of all self-fibre-homotopy equivalences of a fibration p : E → B. When E and B are simply connected CW complexes with E finite, we identify the rational Samelson Lie algebra of this monoid by means of an isomorphism:
Introduction
Given a fibration p : E → B of connected CW complexes, we study Aut(p), the space of unpointed homotopy self-equivalences f : E → E satisfying p • f = p, topologized as a subspace of Map(E, E). This is a monoid under composition of maps. In general, Aut(p) is a disconnected space with possibly infinitely many components. The group of components π 0 (Aut(p)) is the group of fibre-homotopy equivalence classes of self-fibre-homotopy equivalences of p. We denote this group by E(p). We make a general study of Aut(p), especially in rational homotopy theory.
The monoid Aut(p) appears as an object of interest in many different situations. When B is a point, Aut(p) ≃ Aut(E) is the monoid of (free) self-homotopy equivalences of the space E, and E(p) = E(E), the group of self-equivalences of E. Taking p : P B → B to be the path-space fibration, we have Aut(p) ≃ ΩB and E(p) = π 1 (B) (see Example 2.4, below) . When p is a covering map, Aut(p) contains the group of deck transformations of the covering.
As regards the homotopy type of Aut(p), under reasonable hypotheses on p, the monoid Aut(p) is a grouplike space of CW type (see Proposition 2.2). The path components of a well-pointed grouplike space are all of the same homotopy type. Thus we focus on the path component of the identity map which we denote Aut(p) • . Our first main result gives a complete description of the rational H-homotopy type of this connected grouplike space when E is finite.
Before describing our main results, we review some background and notation. Recall the homotopy groups π * (G) of a connected, grouplike space G admit a natural bilinear pairing called the Samelson product of f and g (see [30, Ch. 
III]). If
G has multiplication µ the pair (G, µ) admits a rationalization as in [17] yielding an H-space (G Q , µ Q ) which is unique up to H-equivalence. We refer to the H-homotopy type of the pair (G Q , µ Q ) as the rational H-type of (G, µ). If (G, µ) is grouplike then (G Q , µ Q ) is also. In this case, the rational H-type of G is completely determined by the rational Samelson algebra (π * (G) ⊗ Q, [ , ] ) . Specifically, two grouplike spaces are rationally H-equivalent if and only if they have isomorphic Samelson Lie algebras [27, Cor.1] . We identify the rational Samelson Lie algebra of Aut(p) • in the context of Sullivan's rational homotopy theory. Our reference for rational homotopy theory is [10] .
In [29] , Sullivan defined a functor A P L (−) from topological spaces to commutative differential graded algebras over Q (DG algebras for short) that is connected to the cochain algebra functor C * (−; Q) by a sequence of natural quasi-isomorphisms. Let ∧V denote the free commutative graded algebra on the graded rational vector space V. A DG algebra (A, d) is a Sullivan algebra if A ∼ = ∧V and if V admits a basis (v i ) indexed by a well ordered set such that d(v i ) ∈ ∧(v j , j < i). If the differential d has image in the decomposables of ∧V we say (A, d) is minimal. Filtering by product length, a minimal DG algebra is seen to be a Sullivan algebra. A DG
algebra (A, d) is a Sullivan model for X if (A, d) is a Sullivan algebra and there is a quasi-isomorphism (A, d) → A P L (X). If (A, d) is minimal it is then the Sullivan minimal model of X.
A fibration p : E → B of simply connected CW complexes admits a relative minimal model (see [10, Pro.15.6] ). This is an injection of DG algebras I : (∧V, d) → (∧V ⊗W, D) equipped with quasi-isomorphisms η B and η E which make the following diagram commutative: (1) (∧V, d)
Here (∧V, d) is the Sullivan minimal model of B while (∧V ⊗ ∧W, D) is a Sullivan (but generally non-minimal) model of E. The differential D satisfies D(W ) ⊂ (∧ + V ⊗ ∧W ) + (∧V ⊗ ∧ ≥2 (W )) and further W admits a basis w i indexed by a well ordered set such that D(w i ) ∈ ∧V ⊗ ∧(w j , j < i).
A derivation θ of degree n of a DG algebra (A, d) will mean a linear map lowering degrees by n and satisfying θ(ab) = θ(a)b − (−1) n|a| aθ(b) for a, b ∈ A. We write Der n (A) for the vector space of all degree n derivations. The graded vector space Der * (A) has the structure of a DG Lie algebra with the commutator bracket
. Given a DG subalgebra B ⊆ A we write Der * B (A) for the space of derivations of A that vanish on B. The bracket and differential evidently restrict to give a DG Lie algebra (Der * B (A), D). More generally, given a DG algebra map φ : A → A ′ we write Der n (A, A ′ ; φ) for the space of degree n linear maps satisfying 
By the remarks above, Theorem 1 completely determines the rational H-type of Aut(p). Taking B = * , we recover Sullivan's Lie algebra isomorphism π * (Aut(E)) ⊗ Q ∼ = H * (Der(∧W )) described in [29, Sec.11] . Here (∧W, d) is the minimal model for E.
We obtain Theorem 1 as a sharpened special case of a general calculation of the rational homotopy groups of a fibrewise mapping space. Let p ′ : E ′ → B ′ be a second fibration and f : E ′ → E be a fibrewise map covering a map g :
denote the function space of maps over g topologized as a subspace of Map(E ′ , E). Write Map g (E ′ , E; f ) for the path component of f . We compute the rational homotopy groups of this space as an extension of Sullivan's original approach. Fix a relative minimal model
We show F has a DG model
Here |u| = n so that (∧(u)/ u 2 , 0) is a Sullivan model for S n . The degree n map θ is then an A fderivation as defined above and we show θ vanishes on ∧V , that is, θ is an element of Der n ∧V (∧V ⊗ ∧W, ∧V ′ ⊗ ∧W ′ ; A f ). We prove the assignment α → θ gives rise to a rational isomorphism: 
for n ≥ 2. Further, the group π 1 (Map g (E ′ , E; f )) is nilpotent and satisfies
Again, taking B ′ = B = * , we recover known results; in this case the vector space isomorphism
for n ≥ 2 appears in [4, 21, 6] where here Finally, as regards the group E(p) of path components of Aut(p) we remark that this group is not, generally, a nilpotent group and so not directly amenable to rational homotopy theory. In Section 6, we consider the subgroup E ♯ (p) of E(p) consisting of homotopy equivalence classes of maps f : E → E over B inducing the identity on image and cokernel of the connecting homomorphism in the long exact sequence on homotopy groups of the fibration. The group E ♯ (p) is nilpotent and localizes well for E finite by the fibrewise extension of results of Maruyama [23] . 
The case B = * in the following result is originally due to Sullivan [29, Sec.11] . See also [26, Th.12] .
Theorem 3. Let p : E → B be a fibration of simply connected CW complexes with E finite. There is a group isomorphism
The paper is organized as follows. In Section 2, we prove several general results concerning Aut(p). We prove Theorem 2 in Section 3 as a consequence of some results in fibrewise DG homotopy theory. We prove Theorem 1 in Section 4 and deduce some consequences in Section 5. Finally, in Section 6 we turn to the group of components E(p) of Aut(p) and prove Theorem 3. We conclude with an example to show that E(p) is not generally a subgroup of E(E).
Basic Homotopy theory of Aut(p)
Function spaces like the monoid Aut(p) will not generally have the homotopy type of a CW complex, even though the spaces involved in the fibration p : E → B do. When E is finite, however, we can deduce a general result for fibrewise mapping spaces as a consequence of standard results. Suppose given a commutative diagram of connected CW complexes
with vertical maps fibrations as needed to define the fibrewise mapping space Map g (E ′ , E; f ) mentioned above. We make use of the fibre sequence
We say a space X is a nilpotent space if X is a connected CW complex with π 1 (X) nilpotent and acting nilpotently on the higher homotopy groups of X. In this case, X admits a rationalization ℓ X : By Proposition 2.2, the restriction to E finite is not necessary to rationalize Aut(p) • . However, we will make use of the second statement in Proposition 2.1 in the proof of Theorems 1 and 2.
We next recall an interesting invariant of a connected grouplike space G, the homotopical nilpotency of G as studied by Berstein and Ganea [3] . It is defined as follows: Using the homotopy inverse, we have commutator maps ϕ n : G n → G: Here ϕ 1 is the identity, ϕ 2 (g, h) = ghg −1 h −1 is the usual commutator, and ϕ n = ϕ 2 • (ϕ n−1 × ϕ 1 ). The homotopical nilpotency Hnil(G) is then the least integer n such that ϕ n+1 is null-homotopic. The rational homotopical nilpotency Hnil Q (G) of G = (G, µ) is defined to be the homotopical nipotency of G Q = (G Q , µ Q ). The inequality Hnil Q (G) ≤ Hnil(G) is direct from definitions. When Hnil(G) = 1 (respectively, Hnil Q (G) = 1) we say G is homotopy abelian (respectively, rational homotopy abelian).
When G = ΩX is a loop-space, Hnil(G) is directly related to the nilpotency Nil(π * (G)) of the Samelson bracket [ , ] on π * (G) and to the length WL(X) of the longest Whitehead bracket in π * (X). If X is a nilpotent space, write WL Q (X) for the Whitehead length of the rationalization of X Q of X. Proposition 2.3. Let G be a connected CW loop space, G ≃ ΩX for some simply connected space X. Then
Proof. The equality WL(X) = Nil(π * (G)) (and its rationalization) is a consequence of the identification of the Whitehead product with the Samelson product via the isomorphism [26, Th.3] ). Finally, the inequality WL(X Q ) ≤ WL(X) is immediate from the definition.
We give some examples and direct calculations regarding Aut(p). Example 2.4. Let P B be the space of Moore paths at b 0 ∈ B: 
Using Proposition 2.3, we conclude
where B denotes the universal cover of B. Example 2.7. We next consider a class of fibrations of particular interest in rational homotopy theory. An F 0 -space F is a simply connected complex with H * (F ; Q) and π * (F )⊗Q both finite-dimensional and H odd (F ; Q) = 0. Regarding these spaces, we have the following famous conjecture: 
Thus Aut(p) • is rationally homotopically abelian since Aut(F ) • as in Example 2.6. We remark that Halperin's Conjecture has been confirmed in many special cases including the case F = G/H where G is any compact Lie group and H is a closed subgroup of maximal rank [28] .
Example 2.9. Let p : E → B be a principal G-bundle. Multiplication by an element of G induces a morphism of H-spaces G → Aut(p) while evaluation at the identity gives a left inverse Aut(p) → G. Thus G is a retract of Aut(p). It follows easily that
Rational homotopy groups of fibrewise mapping spaces
We now consider the diagram of fibrations (2) above defining the fibrewise mapping space Map g (E, E ′ ; f ). We assume all the spaces E ′ , E, B ′ , B are simply connected CW complexes. Our calculation of π n (Map g (E ′ , E; f )) ⊗ Q will follow the line of proof of [21, Th.2.1]. Namely, we will define a homomorphism Φ ′ from the ordinary homotopy group of the function space to the DG vector space of derivations and prove Φ ′ induces an isomorphism Φ after rationalization. As in [21] , the construction depends on some DG algebra homotopy theory
We first recall the construction of the relative minimal model of the fibration p : E → B as in the diagram (1) above. Writing A P L (X) = (A(X), δ X ) for the DG algebra of Sullivan polynomial forms, the relative model of the map
(the Sullivan minimal model of B) and obtain a quasi-isomorphism
We take (A(E), δ E ) = (A(B) ⊗ ∧W, δ).
Next consider the fibrewise map f :
We claim a model
The proof is direct: we simply invoke the relative lifting lemma [10, Lem.14.4] when lifting in the standard construction of a Sullivan model of a map [10, Sec.12(c)]. Since we will need the notation, we give the details.
Recall the standard construction depends on the surjective trick : Given a graded algebra U we define (S(U ), δ) to be the contractible DG Lie algebra on a basis U ⊕ δ(U ). Given a DG algebra map η :
in which γ is a surjection, and both α and β are quasi-isomorphisms. 
Here the symbol ≃ indicates a map is a quasi-isomorphism. By construction, we
We now apply the same construction to obtain a model A f as above. That is, we obtain a lifting φ f in the diagram
and set A f = β E ′ • φ f . However, in this case we invoke [10, Lem.14.4] and choose the lifting φ f relative to the partial lifting φ
The result is the DG model A f under M g . Now let α ∈ π n (Map g (E, E ′ ; f )) be a homotopy element with adjoint F :
Let Z be a nilpotent space. The diagram (2) gives rise to the diagram:
We are interested in maps F making the diagram strictly commute. Let η Z : (C, d) → (A(Z), δ Z ) be a Sullivan model for Z. On the DG algebra side, we have a corresponding diagram:
Here I ′′ is the inclusion induced by I ′ and P is the obvious projection. Again we consider Γ making the diagram strictly commute. Recall we are assuming the spaces E, E ′ , B, B ′ are all simply connected CW complexes. 
which is compatible with the given lift φ f for η E • A(f ) constructed above. As above, we may obtain the lift φ F as an extension of the partial lift
induced by the map φ g : 
Proof. First assume p Q : E Q → B Q is a principal K(W n , n)-fibration for W n a rational space concentrated in degree n. We then have a map P : E Q × K(W n , n) → E Q , the fibrewise action, which is a map over 1 B . By hypothesis, Γ is of the form Γ(χ) = A f (χ) + η(χ) where η(χ) = 0 for χ ∈ ∧V and η(w) is in the ideal generated by C + in ∧V ′ ⊗ ∧W ′ ⊗ C for w ∈ W n . It follows that each η(w) is a cycle. By the standard correspondence between cohomology classes and maps into K(W n , n), we obtain a map γ :
′ is the projection. Define F 0 to be the composite
where ∆ is the diagonal. It is direct to check F 0 has Sullivan model Γ. Now proceed by induction over a Moore-Postnikov factorization of the fibration p Q : E Q → B Q . Let p n : (E Q ) n → (E Q ) n−1 be the nth fibration, a principal fibration with fibre K(W n , n). Let Γ n : ∧ V ⊗ ∧W (n) → ∧V ′ ⊗ ∧W ′ ⊗ C be the restriction of Γ where W (n) = k≤n W k . By induction, we obtain a map F n : E ′ × Z → (E n ) Q making the corresponding diagram (3) commute. Since E ′ × Z is finite, for n large, composition with the canonical map h n :
Again let α ∈ π n (Map g (E ′ , E; f )) with adjoint F : E ′ × S n → E be given. By Proposition 3.1, F has a Sullivan model
for χ ∈ ∧V ⊗ ∧W where A f (χ) = M g (χ) and θ(χ) = 0 for χ ∈ ∧V . Here (∧(u)/ u 2 , 0) is a Sullivan model for S n with |u| = n. The map θ is thus linear of degree n vanishing on ∧V . The following facts are standard and direct to check:
by Φ ′ (α) = θ . The following result contains the first assertion of Theorem 2.
Theorem 3.3. Suppose given a commutative diagram
with vertical maps fibrations and all spaces simply connected CW complexes. The map
defined above is a well-defined map of sets for n ≥ 1 and a homomorphism for n ≥ 2. If E ′ is finite, the rationalization
of Φ ′ is an isomorphism for n ≥ 2 and a surjection of sets for n = 1.
Proof. We prove the first two assertions by adapting the corresponding proofs in [21, Th.2.1] except here we use Proposition 3.1 to model adjoint maps and homotopies. We first show Φ is well-defined for n ≥ 1. Observe a homotopy α ∼ β between classes in π n (Map g (E ′ , E; f )) has adjoint H : E ′ × S n × I → E giving rise to a commutative diagram (3) with Z = S n × I. Writing ∧(t, dt) for the standard model for I = [0, 1] with |t| = 0, by Proposition 3.1, H has a Sullivan model
taking the form
Here θ a , θ b ∈ Der n ∧V (∧V ⊗∧W, ∧V ′ ⊗∧W ′ ) are cycles representing Φ ′ (α) and Φ ′ (β). The map θ is directly checked to be an A f -derivation of degree n + 1 vanishing on ∧V and satisfying
To show that Φ ′ is a homomorphism for n ≥ 2, let α, β ∈ π n (Map g (E ′ , E; f )) with adjoints F, G :
→ E be the map induced by F and G. We then have a commutative diagram (3) with Z = S n ∨ S n . A Sullivan model for S n ∨S n is (∧(u, v)/ u 2 , uv, v 2 , 0) with |u| = |v| = n. Applying Proposition 3.1, we see (F | G) has Sullivan model
for χ ∈ ∧V ⊗ ∧W. Using that (F | G) • i 1 = F and (F | G) • i 2 = G, where i j : S n → S n ∨ S n are the inclusions, gives θ a and θ b are cycle representatives for Φ ′ (α) and Φ ′ (β), respectively. The map (1 E ′ × σ) • (F | G) is adjoint to the sum α + β where σ : S n → S n ∨ S n is the pinch map. The result now follows from the fact that a Sullivan model for σ is given by
Now assume E ′ is finite. By Propositon 2.1, composition with a rationalization
to be the map Φ ′ corresponding to the diagram
. Then by Proposition 3.1, a Sullivan model A F for the adjoint F : E ′ × S n → E Q is given by:
. Define a DG algebra homotopy H from the map
to the map A F by the rule
Using Proposition 3.2 with Z = S n ×I, we obtain a homotopy H : E ′ ×S n ×I → E Q between the adjoint of the trivial class in π n (Map g Q (E ′ , E Q ; f Q )) and F. Finally, to prove Φ is onto for n ≥ 1, let θ ∈ Der n ∧V (∧V ⊗ ∧W, ∧V ′ ⊗ ∧W ′ ; A f ) be a cycle. Define a DG algebra map Γ by
Using Proposition 3.2 with Z = S n , we obtain the adjoint F :
We note that π 1 (Map g (E ′ , E; f )) is not, in general, abelian and so Φ cannot, in general, be an isomorphism (c.f. [22, Ex.
1.1]). The proof that Φ
′ is a homomorphism breaks down because Z = S 1 ∨ S 1 is a non-nilpotent space. In fact, Φ is generally not a homomorphism in degree 1.
By Proposition 2.1, π 1 (Map g (E ′ , E; f ) is a nilpotent group though and thus has a well-defined rank. We have:
Theorem 3.4. With hypotheses as in Theorem 3.3, if E
′ is finite then
Proof. 
The rational Samelson Lie Algebra of Aut(p) •
In this section, we sharpen Theorem 3.3 in the case f and g are the respective identity maps to prove Theorem 1. Fix a fibration p : E → B of simply connected CW complexes with E finite. Observe Aut(p) • = Map 1B (E, E; 1 E ). We prove the map
constructed above is an isomorphism in degree n = 1 and induces an isomorphism Φ of graded Lie algebras after rationalization of the domain. Let α ∈ π p (Aut(p) • ) and β ∈ π q (Aut(p) • ) be homotopy classes with adjoints
where µ is the multiplication (composition of maps) in Aut(p) • . Write
where |u| = p and |v| = q.
Lemma 4.1. A Sullivan model for the map F * G is the DG algebra map
Proof. The map F * G is the composite
By the Künneth Theorem, a Sullivan model A F ×1 S q for the product F × 1 S q is the product of the Sullivan models
Thus, given χ ∈ ∧V ⊗ ∧W we see:
We can now extend Theorem 3.3 to the fundamental group for the monoid Aut(p) • . 
is a homomorphism inducing an isomorphism
Proof. To prove Φ ′ is a homomorphism, let α, β ∈ π 1 (Aut(p) • )) and recall the basic identity
where ∆ is the diagonal map and the left-hand product is the usual multiplication in the fundamental group. Thus the adjoint to α · β is the composition
The result now follows directly from Lemma 4.1 and the fact that a Sullivan model for ∆ is the map ∧(u, v) → ∧(w) given by u, v → w. The proof that Φ is a bijection is now the same as in the proof in Theorem 3.3.
We next prove the map Φ ′ : π * (Aut(p) • ) → H * (Der ∧V (∧V ⊗ ∧W )) preserves brackets which completes the proof of Theorem 1. 
where the left-hand bracket is the Samelson product in π * (Aut(p) • ) and the righthand bracket is that induced by the commutator in Der * ∧V (∧V ⊗ ∧W ).
Proof. By Proposition 2.2, Aut(p)
• is a grouplike space under composition. Let ν : Aut(p) • → Aut(p) • be a homotopy inverse. Define F to be the composite
where ω is the evaluation map. Then F is adjoint to −α = ν ♯ (α) ∈ π p (Aut(p) • ) and so has Sullivan model
for χ ∈ ∧V ⊗ ∧W where θ a = Φ ′ (α). Now given two classes α ∈ π p (Aut(p) • ) and β ∈ π q (Aut(p) • ), the map Samelson product is defined by means of the map γ :
where here α = ν ♯ (α). The map γ has adjoint Γ given by the composite
where T is transposition and
We see the map [F, G] has Sullivan model
given by
Thus Γ has Sullivan model
for χ ∈ ∧V ⊗ ∧W. The result now follows from the definition of the Samelson product: The restriction of Γ to E×(S p ∨S q ) is null and so Γ induces Γ ′ :
p+q is the projection onto the smash product. Finally, using the fact that q induces the map
Remark 4.4. The techniques above can be applied to describe a related space of fibrewise self-homotopy equivalences. Let F = p −1 (x) be the fibre over the basepoint of p : E → B as above. The restriction res: Aut(p) → Aut(F ) is a multiplicative continuous map. Denote the kernel by Aut F (p). This monoid is of interest in the study of gauge groups. Denote by Der ∧V (∧V ⊗ ∧W ) the subcomplex of Der ∧V (∧V ⊗ ∧W ) consisting of derivations θ such that θ(V ) = 0 and θ(W ) ⊂ ∧ + V ⊗ ∧W . Then we have a Lie algebra isomorphism
The details of the proof are extensive but entirely similar to the above.
Applications and Examples
We apply Theorem 1 to expand on some of the examples mentioned Section 2. We begin with the path-space fibration p : P B → B as discussed in Example 2.4. Let B be a simply connected CW complex. As in [10, Sec.16b ], p has a relative minimal model of the form
where, as usual, (∧V, d) is the Sullivan minimal model for B. Here V is the desuspension of V , (V ) n ∼ = V n−1 . We recover part of the main result of [9] . 
Proof. The result is a direct consequence of Example 2.4 and Theorem 1.
We next give a general bound for Hnil Q (Aut(p) • ) in terms of the rational homotopy groups of the fibre. For a principal G-bundle p : E → B, we observe that Hnil Q (G) is often 1 (e.g., when G is a connected Lie group) while
For recall G has minimal model (∧(W ), 0) with W ∼ = π * (G) ⊗ Q and so, in this case, H * (Der(∧W ); D) ∼ = Der * (∧W ). Any sequence w n1 , . . . , w n k of vectors in W of strictly increasing degree gives rise to a k-length commutator: Set θ i (w ni ) = w ni−1 and θ i (w j ) = 0 where the w j gives some homogeneous basis for W including the w ni . Thus we see
Finally, we specialize to a case where we can make a complete calculation of the rational H-type of Aut(p) • . 
• is rationally homotopy abelian and, for each q ≥ 1, we have isomorphisms D) be a relative minimal model for p. A derivation θ ∈ Der ∧V (∧V ⊗ ∧(u)) is determined by the element θ(u) ∈ (∧V ) 2n+1−q . The derivation θ is a cocycle (resp. a coboundary) if θ(u) is a cocycle (resp. a coboundary). Further, the commutator bracket of any two such derivations is directly seen to be trivial. The result thus follows from Theorem 1.
6. On the group of components of Aut(p)
As mentioned in the introduction, the group E(p) = π 0 (Aut(p)) of path components of Aut(p) does not generally localize well. First E(p) is often non-nilpotent. Even when E(p) is nilpotent, it may not satisfy E(p) Q = E(p Q ) -take p : S n → * , for an easy example. However, by work of Dror-Zabrodsky [8] and Maruyama (e.g., [23] ), various natural subgroups of E(p) are nilpotent and do localize well. We consider one such example which we denote E ♯ (p). We note that different versions of groups of fibrewise equivalences have also been considered [13, 11] . Our definition of E ♯ (p) is chosen to allow for an identification of (E ♯ (p)) Q in the spirit of Theorem 1.
Suppose, as usual, that p : E → B is a fibration of simply connected CW complexes with E finite. Then any fibrewise self-map of E is fibrewise homotopic to a based self-map. Further, any two based fibrewise self-maps of E that are freely fibrewise homotopic are also based fibrewise homotopic. Thus in what follows we work with based fibre-self-equivalences of p : E → B.
Consider the long exact sequence of the fibration
Each f ∈ Aut(p) induces an automorphism f # of this sequence, which is the identity on π * (B). Thus f # induces an automorphism of cokernels
Define E # (p) to be the group of based homotopy classes of based equivalences in Aut(p) that induce the identity on im∂ ⊆ π * (F ) through degree equal to the dimension of E, and also induce the identity on the cokernels above through the dimension of E. Notice that this reduces to the subgroup of classes that induce the identity on π * (F ) through degree equal to the dimension of E if the fibration is "Whitehead trivial," i.e., if the connecting homomorphism ∂ is trivial (through the dimension of E) as considered in [11] . When p is trivial, it reduces to the subgroup E ♯ (E) of classes that induce the identity on π * (E) through degree equal to the dimension of E as in [23] . 
Proof. Observe E ♯ (p) acts nilpotently on the normal chain
through the dimension of E. That E ♯ (p) is a nilpotent group follows from [8] . The result on localization is now obtained by adjusting Maruyama's argument [23] to the fibrewise setting by replacing the use of a Postnikov decomposition of E with Moore-Postnikov decomposition of p : E → B. We omit the details.
By virtue of Theorem 6.1, we may identify E # (p) Q in terms of certain automorphisms of the Sullivan model of E. 
We are writing H 0 (Der ♯ (∧V ⊗ ∧W )) = coker D .
As in [29, Sec.11] and [26, Pro.12] , the correspondence θ → e θ gives a bijection (with inverse ϕ → log(ϕ)) from Der Proof. To see that Ψ is well-defined, we observe that the assignment θ → e θ restricts to a correspondence between boundaries in Der We remark that this result may be used to analyze the nilpotency of E # (p Q ), and ultimately, since we have E # (p Q ) ∼ = E # (p) Q , that of E # (p), in terms of bracket lengths in H 0 (Der # (∧V ⊗ ∧W )).
Finally, observe that the results of this section may also be applied to give cardinality results for the order of E(p). As a simple example, let π : B × S n → B be a trivial fibration. If H n (B; Q) = 0 then E(π) is a finite group. On the other hand denote by V n the dual of the image of the rational Hurewicz map in H n (B; Q). Then clearly E # (π Q ) ∼ = H 0 (Der ♯ (∧V ⊗ ∧W )) ∼ = V n . Thus if V n is nontrivial then E(π) is infinite in this case. We conclude with one example involving a nontrivial fibration. Under the isomorphism of Theorem 6.3, the derivation θ evidently corresponds to the automorphism ϕ of ∧V ⊗ ∧W given by ϕ(w ′ 3 ) = w ′ 3 + w 3 and ϕ = 1 on other generators. Notice that this automorphism does not correspond to an element of E # (F )-in the "non-fibrewise" notation of [8] . Also, since in this case the total space has the rational homotopy type of S 3 × S 7 , we see that ϕ does not correspond to an element of E # (E), which is trivial rationally. The example thus demonstrates that, in general, it is necessary to consider the relative minimal model of a fibration and not just the minimal models of the spaces invloved to analyze E # (p) rationally. 
